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PRIMARILY QUASILOCAL FIELDS AND 1-DIMENSIONAL
ABSTRACT LOCAL CLASS FIELD THEORY
I.D. CHIPCHAKOV
Abstract. Let E be a field satisfying the following conditions: (i)
the p-component of the Brauer group Br(E) is nontrivial whenever p
is a prime number for which E is properly included in its maximal p-
extension; (ii) the relative Brauer group Br(L/E) equals the maximal
subgroup of Br(E) of exponent p, for every cyclic extension L/E of de-
gree p. The paper proves that finite abelian extensions of E are uniquely
determined by their norm groups and related essentially as in the classi-
cal local class field theory. This includes analogues to the fundamental
correspondence, the local reciprocity law and the local Hasse symbol.
1. Introduction and statements of the main results
This paper is concerned with finite abelian extensions of primarily quasilo-
cal (abbr, PQL) fields, and can be viewed as a continuation of [9], I. When
E is a strictly PQL-field, it shows that these extensions and their norm
groups are related as in the fundamental correspondence of the classical lo-
cal class field theory (see [20], page 101). The paper proves that they are
subject to an exact analogue to the local reciprocity law (formulated, e.g.,
in [45], Ch. 6, Theorem 8, and [20], Theorem 7.1), and to a partial ana-
logue to the local Hasse symbol (as characterized in [25], Ch. 2, see also
[55], and [20], Theorems 6.9 and 6.10) of form determined by invariants of
the Brauer group Br(E). It takes a step towards characterizing the fields
whose finite abelian extensions have the above properties. When E belongs
to some special classes of traditional interest, the present research enables
one to achieve this aim and to find a fairly complete description of the norm
groups of arbitrary finite separable extensions of E (see Section 3, [8, 12]
and the references in [13], Remark 3.9).
The basic notation, terminology and conventions kept in this paper are
standard and virtually the same as in [9], I, and [13]. Throughout, P denotes
the set of prime numbers and every algebra A is understood to be associative
with a unit lying in the considered subalgebras of A. Simple algebras are
supposed to be finite-dimensional over their centres, Brauer and value groups
are written additively, Galois groups are viewed as profinite with respect to
the Krull topology, and the considered profinite group homomorphisms are
continuous. For each field E, E∗ denotes its multiplicative group, Esep a
separable closure of E, GE = G(Esep/E) is the absolute Galois group of
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E, s(E) stands for the class of central simple E-algebras, [B] denotes the
similarity class of any B ∈ s(E), d(E) is the subclass of division algebras
D ∈ s(E), and P (E) = {p ∈ P : E(p) 6= E}, where E(p) is the maximal
p-extension of E in Esep. As usual, E is said to be formally real, if −1
is not presentable over E as a finite sum of squares; E is called nonreal,
otherwise. We say that E is Pythagorean, if it is formally real and the set
E∗2 = {λ2 : λ ∈ E∗} is additively closed. For any field extension F/E,
ρE/F denotes the scalar extension map of Br(E) into Br(F ), Br(F/E) the
relative Brauer group of F/E, and I(F/E) is the set of intermediate fields of
F/E. When F/E is finite and separable, CorF/E stands for the corestriction
map of Br(F ) into Br(E) (see [50]). We say that E is p-quasilocal, for some
p ∈ P, if it satisfies one of the following conditions: (i) every cyclic degree p
extension of E is embeddable as a subalgebra in each ∆ ∈ d(E) of (Schur)
index p; (ii) the p-component Br(E)p of Br(E) is trivial or p /∈ P (E). The
field E is called PQL, if it is p-quasilocal for every p ∈ P; when this holds,
E is said to be strictly PQL in case Br(E)p 6= {0}, p ∈ P (E). We say that
E is quasilocal, if its finite extensions are PQL.
Local fields and p-adically closed fields are strictly quasilocal (abbr, SQL),
i.e. their finite extensions are strictly PQL (cf. [47], Ch. XIII, Sect. 3, [42],
Theorem 3.1 and Lemma 2.9, and [7], Sect. 3). The strictly PQL-property
has been fully characterized in the following two classes: (i) algebraic ex-
tensions of global fields [12]; (ii) Henselian discrete valued fields [7], Sect.
2. These facts extend the arithmetic basis of this research which is further
motivated by results of [9], I, on Brauer groups of PQL-fields and on abso-
lute Galois groups of quasilocal fields. For reasons clarified in the sequel,
our approach to the main topic of this paper is purely algebraic. Our start-
ing point is the fact that residue fields of Henselian valued stable fields are
PQL in the case of totally indivisible value groups, in the sense of (2.1) (i).
Specifically, a Henselian discrete valued field (K, v) with a perfect residue
field K̂ is stable if and only if K̂ is stable and PQL [44], Proposition 2
(cf. also [9], I, and [14], Proposition 2.3). These and other related results
show, with their proofs, that PQL-fields partly resemble local fields in a
number of respects (see Propositions 2.2-2.3, [9], I, Lemma 4.3 and [9], II,
Lemma 2.3). For example, by [9], I, Lemma 4.3, if K̂ is p-quasilocal and
L˜1 and L˜2 are different extensions of K̂ in K̂(p) of degree p, then the inner
product N(L˜1/K̂)N(L˜2/K̂) of the norm groups N(L˜i/K̂), i = 2, is equal to
K̂∗. This result and its key role in the proof of [9], I, Theorem 4.1, attract
interest in the study of the PQL-property along the lines of the classical
local class field theory, with the notion of a local field extended as follows:
Definition 1. Let E be a field, Nr(E) the set of norm groups of E, and
Ω(E) the set of finite abelian extensions of E in Esep. We say that E admits
1-dimensional local class field theory (abbr, LCFT), if the natural mapping
of Ω(E) into Nr(E) (by the rule M → N(M/E), M ∈ Ω(E)) is injective
and the following condition holds, for each M1, M2 ∈ Ω(E):
(1.1) The norm group (over E) of the compositumM1M2 equals the inter-
section N(M1/E)∩N(M2/E), and N(M1 ∩M2/E) = N(M1/E)N(M2/E).
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We say that E is a field with 1-dimensional local p-class field theory (abbr,
local p-CFT), for a given p ∈ P, if the fields from the set Ωp(E) = {L ∈
Ω(E) : L ⊆ E(p)} are uniquely determined by their norm groups and satisfy
condition (1.1). When this is the case and p ∈ P (E), we have Br(E)p 6= {0}
(see Proposition 3.3). Observe that E admits LCFT if and only if it admits
local p-CFT, for every p ∈ P (E). This follows from Lemma 2.1 and shows
that PQL-fields with LCFT are strictly PQL.
The main purpose of this paper is to shed light on the place of strictly
PQL-fields in LCFT by proving the following:
Theorem 1.1. Strictly PQL-fields admit LCFT. Conversely, a field E ad-
mitting such a theory is strictly PQL, if each D ∈ d(E) of prime exponent
p is similar to a tensor product of cyclic division E-algebras of index p.
Theorem 1.2. Let E and M be fields, such that E is strictly PQL, P (E) 6=
φ and M ∈ Ω(E). For each p ∈ P (E), let pBr(E) = {bp ∈ Br(E) : pbp = 0},
Ip be a basis and d(p) the dimension of pBr(E) as a vector space over
the field Fp with p elements, G(M/E)p the Sylow p-subgroup of the Ga-
lois group G(M/E), and G(M/E)d(p)p the direct product, indexed by Ip, of
isomorphic copies of G(M/E)p. Then the direct product G(M/E)Br(E) =∏
p∈P (E) G(M/E)d(p)p and the quotient group E∗/N(M/E) are isomorphic.
Before stating our third main result, recall that a field F is Pythagorean
with F (2) = F (
√−1) if and only if it is formally real and 2-quasilocal
[9], I, Lemma 3.5. Note also that, by [56], Theorem 2, if p ∈ P (F ), then
F (p) contains as a subfield a Zp-extension Up of F (i.e. Up/F is Galois with
G(Up/F ) isomorphic to the additive group Zp of p-adic integers) unless p = 2
and F is Pythagorean. We retain notation as in Theorem 1.2.
Theorem 1.3. Let E be a strictly PQL-field, such that P (E) 6= φ, and let
E∞ ⊆ Esep be the compositum of fields Ep, p ∈ P (E), where Ep/E is a Zp-
extension, if p > 2 or E is nonreal, and E2 = E(2) when E is formally real.
Then there exists a set HE = {( ,M/E) : E∗ → G(M/E)Br(E), M ∈ Ω(E)}
of surjective group homomorphisms with the following properties:
(i) The kernel of ( ,M/E) coincides with N(M/E), for each M ∈ Ω(E);
(ii) If M ∈ Ω(E) and K is an intermediate field of M/E, then ( ,K/E)
equals the composition piM/K ◦ ( ,M/E), where piM/K : G(M/E)Br(E) →
G(K/E)Br(E) is the homomorphism mapping the ip-th component of
G(M/E)d(p)p on the ip-th component of G(K/E)d(p)p as the natural projection
G(M/E)p → G(K/E)p, for each pair (p, ip) ∈ P (E) × Ip;
(iii) The set HE is uniquely determined by the mappings ( ,Γ/E), where
Γ runs through the set of finite extensions of E in E∞ of primary degrees.
Theorems 1.1 and 1.2 show the strong influence of Br(E) on a number
of algebraic properties of a PQL-field E. They are obtained from similar
results on finite abelian p-extensions of p-quasilocal fields, stated as Theorem
3.1. This approach uses several properties of p-quasilocal fields without
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generally valid analogues for PQL-fields (see Propositions 2.2 and 2.3, [9],
I, Corollary 8.5, and [13], Proposition 6.3). As shown in [13, 14] and [9],
II, Sect. 3, it enables one to describe the isomorphism classes of Brauer
groups of major types of PQL-fields, and of the reduced parts of Brauer
groups of equicharacteristic Henselian valued absolutely stable fields with
totally indivisible value groups. Thus it turns out that usually powerful
methods of valuation theory are virtually inapplicable to many PQL and
most presently known quasilocal fields (see (2.4) and (2.5) (iii), and compare
(2.1) with (2.2) and Remark 2.4). At the same time, the proofs in [13] show
at crucial points that the study of the PQL-property can effectively rely
on constructive methods based on properties (established in the 1990’s, see
e.g. [17], Proposition 2.6, and [46]) of relative Brauer groups of extensions
obtained as transfers of function fields of Brauer-Severi and other varieties.
This makes it possible to apply Theorem 3.1 and other results about p-
quasilocal fields to Brauer groups of arbitrary fields, and so leads to a better
understanding of the relations between Galois groups and norm groups of
finite Galois extensions of quasilocal fields (see Remark 4.3 and [13]).
When E is a local field, the former assertion of Theorem 1.1 yields the
fundamental correspondence of the classical local class field theory. If E
is merely strictly PQL with d(p) = 1, for all p ∈ P (E) (i.e. with Br(E)
embeddable in Q/Z, the quotient group of the additive group of ratio-
nal numbers by the subgroup of integers), then Theorem 1.2 states that
E∗/N(M/E) ∼= G(M/E). This holds, for instance, in the following cases:
(1.2) (i) E is an algebraic strictly PQL-extension of a global field E0; when
Br(E)p 6= {0}, by [12], Theorem 2.1, p ∈ P (E) and Br(E)p is isomorphic
to the quasicyclic p-group Z(p∞) unless p = 2 and E is formally real (big
families of such E can be constructed by applying [12], Theorem 2.2).
(ii) The triple AT(E) = (GE , {GF : F ∈ Σ}, E∗sep), Σ being the set of finite
extensions of E in Esep, is an Artin-Tate class formation (see [3], Ch. 14).
It is known that (1.2) (ii) holds, if E is p-adically closed or has a Henselian
discrete valuation with a quasifinite residue field. Note further that the
statement of Theorem 1.2 coincides in case (1.2) (ii) with the local reciprocity
law of the Artin-Tate abstract class field theory [3], Ch. 14, Sect. 5. As to
Theorem 1.3, it can be viewed as a partial analogue to the local Hasse symbol
(compare with Theorem 3.2, Remark 7.1 and [55], Theorem 3). The question
of whether fields E with LCFT are strictly PQL is open. By Theorem 1.1,
its answer depends on the solution to one of the leading unsolved problems
in Brauer group theory (see Remark 3.4, [35], Sect. 16, and [34], Sect.
5). This allows us to prove in Section 3 that SQL-fields are those whose
finite extensions admit LCFT. Note also that when pBr(E) is finite, for each
p ∈ P (E), the answer is positive if and only if E∗/N(M/E) ∼= G(M/E)Br(E),
M ∈ Ω(E) (apply Theorem 1.2 and [41], Sect. 15.1, Proposition b).
The paper is organized as follows: Section 2 includes generalities about
PQL-fields. The former and the latter assertions of Theorem 1.1 are proved
in Sections 4 and 3, respectively. Our main results on local p-CFT are stated
in Section 3. Theorems 1.2, 1.3 and these results are proved in Sections 4,
6 and 7. Section 5 contains an interpretation of a part of local p-CFT
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in terms of Galois cohomology. It generalizes [31], Theorem 1, as well as
known relations between local fields and Demushkin groups (cf. [48], Ch.
II, Theorem 4), and the sufficiency part of the main results of [36, 37].
2. Preliminaries on PQL-fields
The present research is based on the possibility to reduce the study of
norm groups of finite abelian extensions to the special case of p-extensions.
The reduction is obtained by applying the following lemma (which can be
deduced from Galois theory (see e.g., [32], Ch. VIII) and [9], II, Lemma 2.2).
Lemma 2.1. Let E be a field, M ∈ Ω(E), M 6= E, Π the set of prime
divisors of [M : E], and Mp =M ∩E(p), for each p ∈ Π. Then M coincides
with the compositum of the fields Mp : p ∈ Π, N(M/E) = ∩p∈ΠN(Mp/E)
and E∗/N(M/E) is isomorphic to the direct product
∏
p∈ΠE
∗/N(Mp/E).
The main results of [9], I, used in this paper can be stated as follows:
Proposition 2.2. Let E be a p-quasilocal field with Br(E)p 6= {0}, for some
p ∈ P (E). Suppose further that R is a finite extension of E in E(p) and
D ∈ d(E) is an algebra of p-primary dimension. Then:
(i) R is p-quasilocal and D/E is a cyclic of exponent exp(D) = ind(D);
(ii) Br(R)p is a divisible group unless p = 2, R = E and E is formally
real; when E is formally real, E(2) = E(
√−1) and Br(E)2 is of order 2;
(iii) ρE/R maps Br(E)p surjectively on Br(R)p and CorR/E maps Br(R)p
injectively in Br(E)p; every E-automorphism ψ of the field R is extendable
to a ring automorphism on each DR ∈ s(R) of p-primary index;
(iv) R embeds in D as an E-subalgebra if and only if the degree [R : E]
divides ind(D); R is a splitting field of D if and only if ind(D) | [R : E].
Our next result gives an equivalent form of Proposition 2.2 (iv), for
PQL-fields, and shows its optimality in the class of algebraic strictly PQL-
extensions of the field Q of rational numbers. We refer the reader to [9], II,
for a proof of this result, which demonstrates the applicability of the arith-
metic method of constructing such extensions, based on [12], Theorem 2.2.
Proposition 2.3. (i) Let E be a PQL-field, M/E a finite Galois extension
and R an intermediate field ofM/E. If G(M/E) is nilpotent, then R embeds
as an E-subalgebra in each D ∈ d(E) of index divisible by [R : E].
(ii) For each nonnilpotent finite group G, there exists a strictly PQL-field
Ψ = Ψ(G), such that E/Q is an algebraic extension, Br(Ψ) ∼= Q/Z and there
is a Galois extension Ψ′ of Ψ with G(Ψ′/Ψ) ∼= G, which does not embed as
a Ψ-subalgebra in any ∆ ∈ d(Ψ) of index ind(∆) = [Ψ′ : Ψ].
The main results of [9], I, and [5], Sect. 3, show that Br(E) and GE are the
main algebraic structures associated with any quasilocal field E. Therefore,
we would like to point out that GE is prosolvable and Br(E) is embeddable
in Q/Z in the following two cases:
5
(2.1) (i) E is an algebraic extension of a quasilocal fieldK with a Henselian
valuation v, such that v(K) is totally indivisible (i.e. v(K) 6= pv(K), for
every p ∈ P); then Br(E) is divisible with Br(E)p′ = {0}, p′ /∈ P (E) (con-
cerning GE and Br(E), see [4], I, Lemma 1.2 and Proposition 3.1, and [14],
Corollary 5.3 as well as [9], I, (1.3), respectively).
(ii) E is formally real and quasilocal; then Br(E) is of order 2 and GE has
an abelian open subgroup of index 2, which is either procyclic or 2-generated
as a topological group (see [5], Sect. 3, and [13], Proposition 3.4).
Condition (2.1) (i) holds, for example, when (K, v) is Henselian discrete
valued quasilocal or E is an algebraic quasilocal nonreal extension of a global
field, such that Br(E) 6= {0} (cf. [12], Sect. 3). The existence of a PQL-field
F of essentially nonarithmetic nature, i.e. with Br(F ) not embeddable in
Q/Z, has been established in [46], Sect. 3, by observing that every abelian
torsion group A embeds in Br(F (A)), for a suitably chosen strictly PQL-
field F (A). This result and Proposition 2.2 (ii) are complemented by the
following statement which describes, in conjunction with [19], Theorem 23.1,
the isomorphism classes of Brauer groups of nonreal PQL-fields (see [13],
Theorem 1.2 (i)-(ii), and for the formally real case, [13], Proposition 6.4).
This statement also shows that the absolute Galois groups of nonreal SQL-
fields need not be prosolvable and may have a very complex structure:
(2.2) An abelian torsion group T is isomorphic to Br(E), for some nonreal
PQL-field E = E(T ) if and only if T is divisible. If T is divisible, S is a
set of finite groups, E0 is an arbitrary field, and T0 is a subgroup of Br(E0)
embeddable in T , then E can be chosen so as to satisfy the following:
(i) E is quasilocal, P (E) = P and ρE/L surjective, for any finite extension
L/E (apply also the Albert-Hochschild theorem (cf. [48], Ch. II, 2.2)).
(ii) E/E0 is an extension, such that E0 is algebraically closed in E, T0 ∩
Br(E/E0) = {0} and every G ∈ S is realizable as a Galois group over E.
When the set pT = {t ∈ T : pt = 0} is infinite, for each p ∈ P, (2.2)
implies the following result (combined with [14], Remark 6.6, it points up
the need for the restrictions on the ground fields considered in [27] and [43]):
(2.3) In order that A,B ∈ d(E) have a common set of splitting fields
among the intermediate fields of Esep/E it is necessary and sufficient that
ind(A) = ind(B) [9], I, Corollary 8.5. For each n ∈ N, d(E) contains infin-
itely many nonisomorphic E-algebras of index n.
Statements (2.1) and (2.2) can be supplemented by the following partial
conversion of the Koenigsmann-Neukirch theorem [26], Theorem B:
(2.4) If (E, v) is a Henselian quasilocal field, such that all finite groups are
isomorphic to subquotients of GE (by open normal subgroups), then v(E) is
divisible and every D ∈ d(E) is inertial relative to v [14], Proposition 6.3.
Remark 2.4. Let T be a divisible abelian torsion group and Supp(T ) the
set of those p ∈ P for which the p-component Tp of T is nontrivial. Fix
a field E with Br(E) ∼= T as in (2.2) (i) and denote by Esol the maximal
Galois extension of E in Esep with a prosolvable Galois group. Then Esol/E
possesses an intermediate field E′ that is strictly PQL with Br(E′) ∼= T (take
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as E′, e.g., the fixed field of some Hall pro-Supp(T )-subgroup of G(Esol/E)).
Note also that if Supp(T ) = P, then E is SQL.
Remark 2.4 and statements (1.2) (i) and (2.1)÷(2.4) draw interest in the
following open questions:
(2.5) (i) Describe the isomorphism classes of Brauer groups of SQL-fields.
(ii) Let E be an SQL-field with GE prosolvable. Find whether the nonzero
groups Br(E)p except, possibly, one are isomorphic to the quasicyclic p-
group Z(p∞). Prove whether the Sylow pro-p-subgroups of GE are of rank
rp ≤ 2, for all p ∈ P, with at most 2 exceptions.
(iii) Let (F, v) be a Henselian quasilocal field with Br(F )pi and Br(E)pi′
not embeddable in Q/Z, for some pi, pi′ ∈ P. Is v(F ) divisible?
The questions in (2.5) (ii) are related by Galois cohomology (cf. [49], page
265, [35], (11.5), [48], Ch. I, 4.2, and [53], Lemma 7) and the results of
Section 5. Also, by [14], (1.4), the assumptions of (2.1) (i) require that
rp ≤ 2 whenever p 6= char(Ê). In view of [26], Theorem B, one can prove
that a negative answer to the latter question in (2.5) (ii) would imply the
existence of a field F with Br(F ) 6= {0} whose nontrivial valuations have
Henselizations equal to Fsep. Moreover, if 3 ≤ rp ≤ rp′ ∈ N, for some
p, p′ ∈ P, p < p′, this would solve affirmatively Problem 11.5.9 (b) in [18].
Remark 2.5. It is known (see [39]) that if E is a field, then the triple AT(E)
defined in (1.2) (ii) is an Artin-Tate class formation if and only if E is
SQL, Br(E) is embeddable in Q/Z, and ρE/R is surjective, for every finite
extension R of E in Esep. Observing that (2.2) provides access to the richest
presently known sources of such fields, we add to the examples given after
the statement of (1.2) that AT(E) is Artin-Tate when E is an algebraic
SQL-extension of a global field (see [39] and [12], Sect. 3).
3. Statements of the main results of local p-class field theory
Our main results on local p-CFT are stated as the following two theorems:
Theorem 3.1. Let E be a p-quasilocal field with Br(E)p 6= {0}, for some
p ∈ P (E), and let Ωp(E) and d(p) be as in the Introduction. Then E admits
local p-CFT and, for each M ∈ Ωp(E), E∗/N(M/E) is isomorphic to the
group G(M/E)d(p) defined in Theorem 1.2.
Theorem 3.1 plays a major role in the proof of the embeddability of Br(E)
into Q/Z in case (2.1) (i), which in turn enables one to characterize the
quasilocal property in the class of Henselian valued fields with totally indi-
visible value groups (see [14], Sect. 6, and [7], II). Note also that Theorem
3.1 and Lemma 2.1 imply Theorem 1.2 and the former assertion of Theorem
1.1. In addition, Theorem 3.1 contains exact analogues to the fundamental
correspondence and the local reciprocity law. Similarly, our next result can
be viewed as such an analogue to Hasse’s symbol for local fields (see [25],
Ch. 2, as well as Remark 7.1 and Corollary 7.3 below).
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Theorem 3.2. Under the hypotheses of Theorem 3.1, let E∞ be a Zp-
extension of E in E(p), and for any n ∈ N, let Γn be the intermediate
field of E∞/E of degree [Γn : E] = p
n. Then there exist sets
Hp(E
′) = {( ,M ′/E′) : E′∗ → G(M ′/E′)d(p),M ′ ∈ Ωp(E′)}, E′ ∈ Ωp(E),
of surjective group homomorphisms satisfying the following:
(i) The kernel of ( ,M ′/E′) is equal to N(M ′/E′), for each E′ ∈ Ωp(E),
M ′ ∈ Ωp(E′);
(ii) IfM ∈ Ωp(E) and K is an intermediate field ofM/E, then ( ,K/E) =
piM/K◦( ,M/E), where piM/K : G(M/E)d(p) → G(K/E)d(p) is the homomor-
phism acting componentwise as the natural mapping of G(M/E) on G(K/E);
(iii) In the setting of (ii), (λ,M/K) = (NKE (λ),M/E), for each λ ∈ K∗;
(iv) The maps ( ,Γn/E), n ∈ N, determine the sets Hp(E′), E′ ∈ Ωp(E).
The rest of this Section concerns the open question of whether fields with
LCFT are strictly PQL. Lemma 2.1 and first result in this direction imply
the latter assertion of Theorem 1.1.
Proposition 3.3. Let E be a field admitting local p-CFT, for some p ∈
P (E), and let L be a degree p extension of E in E(p). Then Br(L/E) 6= {0}
and Br(L/E) does not depend on the choice of L. Furthermore, if each
D ∈ d(E) of exponent p is similar to tensor products of cyclic division E-
algebras of index p, then E is p-quasilocal.
Proof. Our assumptions ensure that L/E is cyclic, whence Br(L/E) ∼=
E∗/N(L/E) (cf. [32], Ch. I, Sect. 6, and [41], Sect. 15.1, Proposition b).
As E admits local p-CFT and L 6= E, this yields N(L/E) 6= N(E/E) = E∗
and Br(L/E) 6= {0}. In order to complete our proof, it suffices to show that
L embeds as an E-subalgebra in each cyclic division E-algebra of index p.
If G(E(p)/E) is procyclic, this is evident, so we assume that Ωp(E) contains
a field F 6= L, such that [F : E] = p. It follows from Galois theory that
LF ∈ Ω(E), [LF : E] = p2 and G(LF/E) is noncyclic. Therefore, LF/E
possesses p + 1 intermediate fields of degree p over E. Let F ′ be such a
field different from L and F . Then N(F/E)N(F ′/E) = E∗ and LF ′ = LF .
Moreover, the norm maps NFE and N
F ′
E are induced by N
LF
L , so it turns out
that E∗ ⊆ N(LF/L). Hence, by [41], Sect. 15.1, Proposition b, L embeds
over E in each ∆ ∈ d(E) split by F , which proves Proposition 3.3. 
Remark 3.4. Let E be a field and p ∈ P (E).
(i) If G(E(p)/E) ∼= Zp and L is the unique degree p extension of E in E(p),
then E admits local p-CFT if and only if Br(L/E) 6= {0} (apply Proposition
3.3 and [41], Sect. 15.1, Corollary b).
(ii) When Br(E)p 6= {0}, the concluding condition of Proposition 3.3 is
satisfied in the following cases: (a) E is an algebraic extension of a global or
local field E0; (b) E contains a primitive p-th root of unity or char(E) = p;
(c) p = 3, 5. In cases (b) and (c), this follows from the Merkur’ev-Suslin
theorem [35], (16.1), [2], Ch. VII, Theorem 28, [34], Sect. 4, Corollary, and
[33]. In case (a), by class field theory, every A0 ∈ s(E0) is cyclic (cf. [3], Ch.
10, Theorem 5), which implies the same, for all A ∈ s(E).
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(iii) It is not known whether E is strictly PQL, if it admits LCFT and
has a Henselian discrete valuation (see [7], Sect. 2).
Corollary 3.5. A finite purely inseparable extension K of a field E of char-
acteristic p > 0 admits local p-CFT if and only if so does E.
Proof. By [9], I, Proposition 4.4, E is p-quasilocal if and only if K is p-
quasilocal, and by the Albert-Hochschild theorem, ρE/K is surjective. Since
the exponent of Br(K/E) divides [K : E] (see [41], Sects. 13.4 and 14.4),
and by Witt’s theorem (cf. [16], page 110), Br(E)p and Br(K)p are divisible,
this implies that Br(E)p 6= {0} ↔ Br(K)p 6= {0}, so Corollary 3.5 follows
from Theorem 3.1 and Remark 3.4 (ii). 
The concluding result of this Section clarifies the role of SQL-fields in
LCFT. In view of (2.2), Remark 2.5 and the main results of [13], it also
determines the place in the study of strictly PQL-fields of the Neukirch-
Perlis variant of the theory [39], built upon (1.2) (ii).
Proposition 3.6. A field E is SQL if and only if its finite extensions ad-
mit LCFT. When occurs, Br(Ep) 6= {0}, provided that Ep is the fixed field
of a Sylow pro-p-subgroup of GE, where p ∈ P is chosen so that GE is of
cohomological p-dimension cdp(GE) 6= 0.
Proof. The left-to-right implication is contained in Theorem 1.1, so we prove
the converse one and the nontriviality of Br(Ep)p, for any p ∈ P satisfying
cdp(GE) 6= 0. Suppose that every finite extension L of E admits LCFT, and
Bp is the extension of E generated by the p-th roots of unity in Esep. It
is known (cf. [32], Ch. VIII, Sect. 3) that Bp ⊆ Ep, i.e. Ep contains a
primitive p-th root of unity unless p = char(E). Also, Proposition 3.3 and
Remark 3.4 (ii) indicate that L is p-quasilocal, provided that Bp ⊆ L. As
p † [L′ : E], for any finite extension L′ of E in Ep, this enables one to obtain
from general properties of scalar extension maps and Schur indices (cf. [41],
Sect. 13.4, and [9], I, (1.3)) that Ep is p-quasilocal. Moreover, it follows
from [9], I, Lemma 8.3, and the choice of p that E is quasilocal. Since, by
Proposition 3.3, PQL-fields with LCFT are strictly PQL, the obtained result
shows that E is SQL. Note further that the inequality cdp(GE) 6= 0 ensures
the existence of finite Galois extensions of E in Esep of degrees divisible by p.
Therefore, by Sylow’s theorems and Galois theory, there is a finite extension
L0 of E in Ep, such that p ∈ P (L0). As in the proof of the statement that Ep
is p-quasilocal, these observations imply p ∈ P (Ep) and Br(Ep) 6= {0}. 
Let us note that the abstract approach to LCFT dates back to the early
1950’s (cf. [3], Sect. 14). It fits the character of the related class formation
theory, see [23], and accounts for the fact that the Neukirch-Perlis variant
of LCFT goes substantially beyond the limits of (2.1). The fact itself is
established by summing up Proposition 3.6, Remark 2.5, statements (2.1),
(2.2) and (2.4), and the results on (2.5) (ii) mentioned in Section 2.
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4. Proof of Theorem 3.1
Let E be a p-quasilocal field, for a given p ∈ P (E). By Proposition
2.2 (iv), then Br(M/E) = {b ∈ Br(E) : [M : E]b = 0}, for every cyclic p-
extension M/E. Hence, by the structure of divisible abelian torsion groups,
and by the fact that Br(M/E) ∼= E∗/N(M/E) (cf. [19], Theorem 23.1, and
[41], Sect. 15.1, Proposition b), E∗/N(M/E) ∼= G(M/E)d(p). To prove the
obtained isomorphism, for any M ∈ Ωp(E), we need the following lemmas.
Lemma 4.1. Let E be a p-quasilocal field, for some p ∈ P (E), and let
E1, . . . Et be cyclic extensions of E in E(p), for a given integer t ≥ 2. As-
sume that the compositum E′ of the fields Ej : j = 1, . . . , t, satisfies the
equality [E′ : E] =
∏t
j=1[Ej : E]. Then N(E
′/E) =
⋂t
j=1N(Ej/E).
Proof. The inclusion N(E′/E) ⊆ ⋂tj=1N(Ej/E) follows from the transi-
tivity of norm maps in towers of finite separable extensions (cf. [32], Ch.
VIII, Sect. 5). Conversely, let c ∈ ⋂tj=1N(Ej/E) and β ∈ E∗1 be of norm
NE1E (β) = c. The equality [E
′ : E] =
∏t
j=1[Ej : E], Galois theory and [6],
Lemma 4.2, imply [E′ : E1] =
∏t
i=2[(E1Ei) : E1] and β ∈
⋂t
i=2N(E1Ei/E1).
This proves Lemma 4.1 in the case where t = 2. Since (E1Ei)/E1 is cyclic,
for each i ≥ 2, and by Proposition 2.2 (i), E1 is p-quasilocal, the obtained
result makes it easy to complete our proof by induction on t. 
Lemma 4.2. Assume that E, F and L are fields, such that E is p-quasilocal,
L ∈ Ωp(E), E ⊆ F ⊆ L and F/E is cyclic. Then ψ(α)α−1 ∈ N(L/F ), for
each α ∈ F ∗ and ψ ∈ G(F/E).
Proof. As F is p-quasilocal and L ∈ Ωp(F ), whence G(L/F ) decomposes into
a direct product of cyclic groups, Galois theory and Lemma 4.1 allow one to
consider only the case in which L/F is cyclic. Let ψ′ be an automorphism
of L extending ψ. Fix a generator σ of G(L/F ), denote by Aα the cyclic
F -algebra (L/F, σ, α), for an arbitrary α ∈ F ∗, put m = [L : F ], and take
an invertible element η ∈ Aα so that ηm = α and ηλη−1 = σ(λ), for every
λ ∈ L. Then Proposition 2.2 (iii) and the Skolem-Noether theorem (cf.
[41], Sect. 12.6) imply that Aα has a ring automorphism ψ˜, such that ψ˜(λ)
= ψ′(λ), for any λ ∈ L. Since σψ′ = ψ′σ, this ensures that the element
η−1ψ˜(η) := µ lies in the centralizer of L in Aα. Thereby, we have µ ∈ L∗
and ψ˜(η)m = ψ(α) = ηmNLF (µ) = αN
L
F (µ), which proves Lemma 4.2. 
Assuming that E is a p-quasilocal field,Mu ∈ Ωp(E), [Mu : E] = pµu : u =
1, 2, and putting M ′ =M1M2, we prove the following assertions:
(4.1) (i) If N(M1/E) = N(M2/E) and M1 ⊆M2, then M1 =M2;
(ii) If M1 ∩M2 = E, then N(M1/E) ∩N(M2/E) = N(M ′/E),
N(M1/E)N(M2/E) = E
∗, each σ ∈ G(M2/E) has a unique prolongation
σ′ ∈ G(M ′/M1), and the mapping of G(M2/E) on G(M ′/M1) by the rule
σ → σ′ is an isomorphism;
(iii) Under the hypotheses of (ii), if M2/E is cyclic and G(M2/E) = 〈σ〉,
then G(M ′/M1) = 〈σ′〉 and CorM1/E maps Br(M ′/M1) into Br(M2/E)
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by the formula [(M ′/M1, σ
′, θ)] → [(M2/E, σ,NM1E (θ))], θ ∈ M∗1 ; when
Br(E)p is divisible, CorM1/E induces isomorphisms Br(M1)p
∼= Br(E)p and
Br(M ′/M1) ∼= Br(M2/E).
It is sufficient to consider the special case where Mu 6= E : u = 1, 2,
and M1 6= M2. In view of Proposition 2.2 (ii), then Br(E)p is divisible.
At the same time, Galois theory and the assumptions on M1/E imply the
existence of a cyclic degree p extension M0 of E in M1. Suppose that
M1 ⊆ M2 and d ∈ N(Mu/E) : u = 1, 2, fix a generator ψ of G(M0/E)
and elements ηj ∈ M∗j , j = 1, 2, so that NM1E (η1) = NM2E (η2) = d. It
follows from Hilbert’s Theorem 90 that NM1M0 (η1) = N
M2
M0
(η2)ψ(β)β
−1, for
some β ∈ M∗0 . Hence, by Lemma 4.2, N(M1/E) = N(M2/E) if and only
if N(M1/M0) = N(M2/M0). Observing also that M0 is p-quasilocal and
[M1 : M0] = p
µ1−1, and proceeding by induction on µ1, one proves (4.1) (i).
Assume now that M1 ∩M2 = E. Then the Galois-theoretic parts of (4.1)
(ii) and (iii) are contained in [32], Ch. VIII, Theorem 4. The rest of the
former assertion of (4.1) (iii) is implied by Proposition 2.2 (iii), the basic
restriction-corestriction (abbr, RC) formula (cf. [50], Theorem 2.5) and the
lemmas in [6], Sect. 4. The equality N(M ′/E) = N(M1/E) ∩ N(M2/E)
follows from the presentability of M1 and M2 as compositums of cyclic ex-
tensions of E satisfying the conditions of Lemma 4.1. It remains for us
to show that N(M1/E)N(M2/E) = E
∗ and to prove the latter part of
(4.1) (iii). Suppose first that M2/E is cyclic and the automorphisms σ, σ
′
are determined as in (4.1) (iii), fix an element c ∈ E∗ out of N(M2/E),
and put Ac = (M2/E, σ, c). It is clear from [41], Sect. 15.1, Propo-
sition b, and the choice of c that ind(Ac) | pµ2 and ind(Ac) > 1. As
Br(E)p is divisible, there exists ∆c ∈ d(E), such that pµ1 [∆c] = [Ac]. In
addition, it follows from Proposition 2.2 (i) that ind(∆c) = p
µ1 .ind(Ac).
Observing also that [M ′ : E] = pµ and ind(∆c) | pµ, where µ = µ1 +
µ2, one obtains from Proposition 2.2 (iv) that [∆c] ∈ Br(M ′/E). Since
∆c ⊗E M ′ ∼= (∆c ⊗E M1) ⊗M1 M ′ as M ′-algebras (cf. [41], Sect. 9.4,
Corollary a), this means that [∆c ⊗E M1] ∈ Br(M ′/M1), or equivalently,
that [∆c ⊗E M1] = [(M ′/M1, σ′, α)], for some α ∈ M∗1 . Therefore, by
Proposition 2.2 (iii), the RC-formula and the former statement of (4.1)
(iii), [Ac] = [(M2/E, σ,N
M1
E (α))]. As [Ac : E] = [(M2/E, σ,N
M1
E (α)) : E]
= [M2 : E]
2, this proves that Ac ∼= (M2/E, σ,NM1E (α)) over E. Hence,
by [41], Sect. 15.1, Proposition b, c.NM1E (α)
−1 ∈ N(M2/E), which yields
N(M1/E)N(M2/E) = E
∗ in case M2/E is cyclic. Our argument, combined
with Proposition 2.2 (ii)-(iii) and the RC-formula, also proves the latter part
of (4.1) (iii). Henceforth, we assume that M2/E is noncyclic, i.e. G(M2/E)
is an abelian p-group of rank r ≥ 2. Then it follows from Galois theory
and the structure of finite abelian groups that there exist cyclic extensions
F1 and F2 of E in M2 such that F1 ∩ F2 = E and the p-groups G(M2/F1)
and G(M2/F2) are of rank r − 1. As M1 ∩ M2 = E, one also sees that
(M1Fu)∩M2 = Fu : u = 1, 2. Taking now into account that F1 and F2 are p-
quasilocal fields, and arguing by induction on r, one concludes that it suffices
to deduce the equality N(M1/E)N(M2/E) = E
∗ under the extra hypothesis
that N(M1Fu/Fu)N(M2/Fu) = F
∗
u : u = 1, 2. Then, by norm transitivity in
11
towers of finite extensions, N(F1/E)N(F2/E) ⊆ N(M1/E)N(M2/E), and
since N(F1/E)N(F2/E) = E
∗, this completes the proof of (4.1).
Remark 4.3. Let E be a field and M1, M2 be finite extensions of E in
Esep, such that M2/E is cyclic and M1∩M2 = E. It is known that then the
former statement of (4.1) (iii) remains valid. The assertions on G(M2/E) and
G(M ′/M1) follow from [32], Ch. VIII, Theorem 4, and the formula for the
action of CorM1/E on Br(M
′/M1) can be proved by a group-cohomological
technique (cf. [54], Proposition 4.3.7). It is therefore worth noting that
(4.1) (iii) plays a role in the proof not only of Theorems 3.1 and 3.2 but
also of Proposition 2.2 (i) (see [9], I, Sect. 7). This, combined with [13],
Theorem 1.2 (i)-(ii), enables one to find alternative field-theoretic proofs
of the formula in (4.1) (iii) and of other results on CorF/E, for any finite
extension F of E in Esep (by reduction to the setting of (2.2) (i), see [10]).
We are now in a position to prove Theorem 3.1 (and thereby, Theorem 1.2
and the former part of Theorem 1.1 as well). Assuming as above that Mu ∈
Ωp(E) : u = 1, 2, and M1M2 = M
′, put L′ =M1 ∩M2. We first show that
N(L′/E) = N(M1/E)N(M2/E) and N(M
′/E) = N(M1/E) ∩ N(M2/E).
In view of (4.1) (ii), it suffices to consider the case where L′ 6= E. As L′
is p-quasilocal, (4.1) (ii) yields L′∗ = N(M1/L
′)N(M2/L
′), so the equality
N(L′/E) = N(M1/E)N(M2/E) is obtained from norm transitivity in the
towers E ⊂ L′ ⊆ Mu : u = 1, 2. Suppose further that [L′ : E] = pm and fix
a degree p extension L of E in L′. As in the proof of (4.1) (i), it is seen
that an element λ ∈ L∗ lies in N(Mi/L), for some i ∈ {1, 2}, if and only if
NLE(λ) ∈ N(Mi/E). Since [L′ : L] = pm−1 and L is p-quasilocal, this makes it
easy to prove inductively that N(M ′/E) = N(M1/E)∩N(M2/E). It follows
from this result and (4.1) (i) that the natural mapping Ωp(E) → Nr(E) is
injective. Thus the statement that E admits local p-CFT is proved, which
allows us to deduce Theorem 1.1 from Lemma 2.1 and Proposition 3.3.
To finish the proof of Theorem 3.1 (and Theorem 1.2) we show that
E∗/N(M/E) ∼= G(M/E)d(p), provided that M ∈ Ωp(E) and G(M/E) is
noncyclic. Then G(M/E) is an abelian p-group of rank r(M) ≥ 2, so it
follows from Galois theory thatM/E has intermediate fields Φ1 and Φ2, such
that Φ1Φ2 =M , Φ1∩Φ2 = E and Φ2/E is cyclic. This means that G(M/E)
is isomorphic to the direct product G(Φ1/E)×G(Φ2/E), and G(Φ1/E) is of
rank r(M)−1 as a p-group. Since N(Φ1/E)N(Φ2/E) = E∗ and N(Φ1/E)∩
N(Φ2/E) = N(M/E), the natural diagonal embedding of E
∗ into E∗ × E∗
induces a group isomorphism E∗/N(M/E) ∼= E∗/N(Φ1/E)×E∗/N(Φ2/E).
Now our proof is easily completed proceeding by induction on r(M).
Remark 4.4. Given a PQL-field E, denote by c(M) the intersection of fields
N ∈ Ω(E) with N(N/E) = N(M/E), for each M ∈ Ω(E). It follows from
Theorem 3.1, Lemma 2.1 and [9], I, Lemma 4.2 (ii), that the natural map
ν of Ω(E) on the set Nab(E) = {N(M/E) : M ∈ Ω(E)} satisfies (1.1).
Therefore, Br(E)p 6= {0} and p † [M : c(M)] whenever M ∈ Ω(E) and p ∈ P
divides [c(M) : E]. Note also that N(c(M)/E) = N(M/E) and N(M0/E) 6=
N(M/E) in case M0 ∈ Ω(E), M0 ⊆ c(M) and M0 6= c(M). Since the set
Cl(E) = {c(Λ): Λ ∈ Ω(E)} is closed under taking subextensions of E and
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finite compositums, whence ν induces a bijection of Cl(E) on Nab(E), these
observations allow us to view c(M) as a class field of N(M/E).
5. Galois cohomological interpretation of Theorem 3.1
In this Section we consider some Galois cohomological aspects of the prob-
lem of characterizing fields with LCFT. Let P an infinite pro-p-group, cd(P )
the cohomological dimension of P and Fp a field with p elements, for some
p ∈ P. We say that P is a p-group of Demushkin type, if the (continu-
ous) cohomology group homomorphism ϕh : H
1(P,Fp) → H2(P,Fp) map-
ping each g ∈ H1(P,Fp) into the cup-product h ∪ g is surjective, for every
h ∈ H1(P,Fp)\{0}. We call a degree of P the dimension of H2(P,Fp) as an
Fp-vector space. The defined groups and local p-CFT are related as follows:
Proposition 5.1. Let E be a nonreal field containing a primitive p-th root
of unity, for some p ∈ P (E). Then the following conditions are equivalent:
(i) E admits local p-CFT;
(ii) G(E(p)/E) is a p-group of Demushkin type of degree d ≥ 1;
(iii) E is p-quasilocal with Br(E)p 6= {0};
(iv) cd(G(E(p)/E)) = 2 and pBr(E′) is a trivial module over the integral
group ring Z[G(E′/E)], for every degree p extension E′ of E in E(p).
Proof. The equivalence (i)↔(iii) is implied by Proposition 3.3, Remark 3.4
(ii) and Theorem 3.1. Note also that Br(E)p = {0} if and only if G(E(p)/E)
is a free pro-p-group, i.e. a p-group of Demushkin type of degree zero (cf.
[52], Theorem 3.1, [53], page 725, and [48], Ch. I, 4.1 and 4.2). In partic-
ular, this holds when G(E(p)/E) is of rank 1 as a pro-p-group, since then
G(E(p)/E) ∼= Zp (see, e.g., [9], I, Remark 3.4 (ii)). These observations, [9],
I, Lemma 3.8, and the end of Proposition 2.2 (ii) prove that (ii)↔(iii). It re-
mains to be seen that (iii)↔(iv). As E is nonreal and p ∈ P (E), one obtains
from Galois theory and [56], Theorem 2, that G(E(p)/E) possesses a closed
normal subgroup H, such that G(E(p)/E)/H ∼= Zp. Since Br(E)p 6= {0},
this means that H 6= {1}, so it follows from [9], I, Proposition 4.6 (ii), and
Galois cohomology (see [48], Ch. I, 4.2 and Proposition 15) that cd(H) = 1
and cd(G(E(p)/E)) = 2. Hence, by Teichmu¨ller’s theorem (cf. [16], Ch. 9,
Theorem 4) and Proposition 2.2 (iii), (iii)→(iv). To prove that (iv)→(iii)
we need the following results (see [35], (11.5), and [24], Proposition 3.26):
(5.1) If F is a field containing a primitive p-th root of unity, and M is
a finite Galois extension of F in F (p), then there exists an isomorphism
κM : H
2(G(F (p)/M),Fp) ∼= pBr(M) as Z[G(M/F )]-modules, and the com-
positions CorM/F ◦ κM and κF ◦ corM/F coincide, where corM/F is the core-
striction map H2(G(F (p)/M),Fp) → H2(G(F (p)/F ),Fp). Hence, CorM/F
is surjective if and only if so is corM/F .
It suffices to show that Br(E′/E) = pBr(E), for an arbitrary degree p ex-
tension E′ of E in E(p). The equality cd(G(E(p)/E)) = 2 ensures that
Br(E)p 6= {0} and it follows from (5.1) and [40], Proposition 3.3.8, that
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CorE′/E maps pBr(E
′) surjectively on pBr(E). We show that pBr(E
′) in-
cludes the preimage Πp(E) of pBr(E) in Br(E
′)p under CorE′/E . Our as-
sumptions guarantee (in conjunction with Galois theory and the normality
of maximal subgroups of finite p-groups, see [32], Ch. VIII and Ch. I, Sect.
6) that E′/E is cyclic. Observe also that Br(E′)p is a trivial Z[G(E′/E)]-
module. Indeed, let σ be a generator of G(E′/E), and let b ∈ Br(E′) be an
element of order pk, for some k ∈ N. Proceeding by induction on k, one sees
that it suffices to prove that σ(b) = b, provided that k ≥ 2 and σ(b) = b+b0,
for some b0 ∈p Br(E′). The assumption on b0 indicates that CorE′/E(b0) = 0,
so it follows from (5.1) and [31], Corollary, that b0 = a− σ(a), for some a ∈
pBr(E
′). This yields σ(b+ a) = b+ a, which implies σ(b) = b and our asser-
tion about Br(E′)p (because pBr(E
′) is a trivial Z[G(E′/E)]-module). By
Teichmu¨ller’s theorem, the established property of Br(E′)p is equivalent to
the inclusion of Br(E′)p in the image of ρE/E′. Since CorE′/E maps pBr(E
′)
surjectively upon pBr(E), it is now easy to obtain from the RC-formula
that Πp(E) ⊆ pBr(E′). Moreover, it becomes clear that the implication
(iv)→(iii) will follow, if we show that pBr(E) is included in the subgroup
pBr(E)p = {pβ : β ∈ Br(E)p} of Br(E)p. Denote by B the extension of
E in E(p) obtained by adjunction of a primitive p2-th root of unity. It
follows from [35], (16.1), [41], Sect. 15.1, Corollary b, and Kummer the-
ory that pBr(B) ⊆ pBr(B)p. Hence, the surjectivity of the homomorphism
pBr(B) → pBr(E) induced by CorB/E implies pBr(E) ⊆ pBr(E)p. There-
fore, Br(E′/E) = pBr(E) and (iv)→(iii), so Proposition 5.1 is proved. 
Corollary 5.2. Let E be an SQL-field, such that cdp(GE) 6= 0, for a given
p ∈ P. Then the Sylow pro-p-subgroups of GE are p-groups of Demushkin
type of degree dp ≥ 1, unless p = char(E) or E is formally real and p = 2.
Proof. One may consider only the special case of Esep = E(p) (see the proof
of Proposition 3.6). Then Br(E)p 6= {0} and our conclusion follows from
Propositions 5.1, 2.2 (ii) and [48], Ch. II, Proposition 3. 
It is easily seen that the degrees of p-groups of Demushkin type are
bounded by their ranks. The following conversion of this fact can be deduced
from [35], (11.5), Proposition 5.1, [9], I, Theorem 8.1, and the sufficiency
part of (2.2) (by specifying the cardinalities of the fields E0 and E in (2.2)
(ii), see [13], Remark 5.4, for more details):
(5.2) For any system d ≥ ℵ0 and dp ≤ d : p ∈ P, of cardinal numbers,
there is a field E containing a primitive p-th root of unity, for every p ∈ P,
and such that G(E(p)/E) and the Sylow pro-p-subgroups of GE are of rank
d, Demushkin type and degree dp.
By a Demushkin pro-p-group, we mean a p-group of Demushkin type of
degree 1. Demushkin pro-p-groups of rank r(P ) ≤ ℵ0 have been classified
by Demushkin, Labute and Serre (cf. [29, 30] and further references there).
When r(P ) = ℵ0, by [36] and [37], P has s-invariant zero if and only if
P ∼= G(F (p)/F ), for some field F . Hence, by applying Lemma 3.5 of [7]
(in a modified form adjusted to the case singled out by [37], Proposition 3.1
(iii)), and arguing as in the proof of (5.2), one supplements it as follows:
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(5.3) For each sequence Gp : p ∈ P, of Demushkin pro-p-groups of rank
ℵ0 and s-invariant zero, there exists a field E such that G(E(p)/E) and the
Sylow pro-p-subgroups of GE are isomorphic to Gp when p ranges over P.
Next we show that the inequality d ≥ ℵ0 in (5.2) is essential. This result
is a special case of [28], Corollary 5 (see also [31], Sects. 1 and 2). For
convenience of the reader, we present it here with a short proof based on
Theorem 3.1 and Proposition 5.1.
Corollary 5.3. Let E be a field containing a primitive p-th root of unity, for
some p ∈ P (E), and with G(E(p)/E) a p-group of Demushkin type of finite
rank r(p). Then G(E(p)/E) is a Demushkin group or a free pro-p-group.
Proof. In view of [53], Lemma 7, and Proposition 5.1 (with its proof), one
may consider only the case where r(p) ≥ 3 and Br(E)p 6= {0}. Take a field
E′ ∈ Ω(E) so that G(E′/E) has exponent p and order pr(p)−1. By Theorem
3.1 and [35], (11.5), then E∗p ⊆ N(E′/E) and N(E′/E) is a subgroup of E∗
of index p(r(p)−1).dp , so we have (r(p)−1).dp ≤ r(p), where dp is the degree of
G(E(p)/E). In our case, this implies dp = 1, which proves Corollary 5.3. 
Remark 5.4. Statement (5.1) and Corollary 5.3 show that the equivalence
(ii)↔(iv) in Proposition 5.1 generalizes the concluding assertion of [31], The-
orem 1 (independently of the elementary type conjecture formulated in [31]).
Corollary 5.3 gives us the possibility to determine the structure of the con-
tinuous character group C(E(p)/E) of G(E(p)/E), for a p-quasilocal nonreal
field E containing a primitive p-th root of unity. Recall that C(E(p)/E)
is an abelian torsion p-group, whence, it decomposes into the direct sum
D(E(p)/E) ⊕ R(E(p)/E), where D(E(p)/E) is the maximal divisible sub-
group of C(E(p)/E) and R(E(p)/E) is a (reduced) subgroup of C(E(p)/E)
isomorphic to C(E(p)/E)/D(E(p)/E) (see [22], Ch. 7, Sect. 5, and [19],
Theorem 24.5). With this notation, our next result can be stated as follows:
Proposition 5.5. Let E be a p-quasilocal nonreal field, µp(E) the group of
roots of unity in E of p-primary degrees, and rp(E) the rank of G(E(p)/E)
as a pro-p-group. Suppose that µp(E) 6= {1} and εp ∈ E is a primitive p-th
root of unity. Then:
(a) C(E(p)/E) = D(E(p)/E) if and only if µp(E) is infinite or Br(E)p =
{0}; when Br(E)p 6= {0} and µp(E) is finite of order pν, the group R(E(p)/E)
is isomorphic to the maximal subgroup of Br(E) of period pν;
(b) Br(E)p is embeddable as a subgroup of D(E(p)/E).
Proof. (a): It follows from Kummer theory that C(E(p)/E) = D(E(p)/E),
provided that µp(E) is infinite. We show that the same equality holds in the
case of Br(E)p = {0}. Then it follows from [41], Sect. 15.1, Proposition b,
that εp lies in the norm group N(L
′/E), for every cyclic extension L′ of E in
E(p); hence, by Albert’s height theorem (cf. [1], Ch. IX, Sect. 6, and [17],
Sect. 2), there is a cyclic extension L′1 of E in E(p), such that L
′ ∈ I(L′1/E)
and [L′1 : L
′] = p. This implies L′ ∈ I(L1/E), for some Zp-extension L1 of E
in E(p), and so proves that C(E(p)/E) = D(E(p)/E). It remains to consider
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the case where Br(E)p 6= {0} and µp(E) has finite order pν . As µp(E) 6= {1},
then we have E(p) 6= E, so it follows from [56], Theorem 2, and the condition
that E is a nonreal field that E(p) contains as a subfield a Zp-extension
of E. In view of Galois theory, this means that C(E(p)/E) possesses a
quasicyclic p-subgroup, which proves that D(E(p)/E) 6= {0}. Note further
that Br(E)p is a divisible group, since E is nonreal and p-quasilocal (cf. [9],
I, Theorem 3.1). Therefore, by [19], Theorem 23.1, Br(E)p decomposes into
the direct sum Z(p∞)d(p) of isomorphic copies of the quasicyclic p-group
Z(p∞), indexed by a set I of cardinality d(p) equal to the dimension of
pBr(E) ∼= H2(G(E(p)/E),Fp) as an Fp-vector space. Moreover, it becomes
clear that, for each m ∈ N, the maximal subgroup of Br(E)p of period pm
decomposes into a direct sum of cyclic groups of order pm, indexed by I.
Thus the latter conclusion of Proposition 5.5 (a) is equivalent to the former
part of the following assertions:
(5.4) (a) C(E(p)/E) and the direct sum D(E(p)/E) ⊕ µp(E)d(p) are iso-
morphic, where µp(E)
d(p) is a direct sum of isomorphic copies of µp(E),
indexed by a set of cardinality d(p) (for a proof, see [4], II, Lemma 2.3).
(b) A cyclic extension M of E in E(p) is a subfield of a Zp-extension of
E in E(p) if and only if there is M ′ ∈ I(E(p)/M), such that M ′/E is cyclic
and [M ′ : M ] = pν; this is the case if and only if µp(E) ⊂ N(M/E).
The former part of (5.4) (b) is implied by (5.4) (a) and Galois theory, and
the latter one follows from Albert’s height theorem.
(b): Proposition 5.5 (a) allows us to consider only the case where Br(E)p 6=
{0} and µp(E) has order pν , for some ν ∈ N. Then it follows from (5.4) (a)
and the nontriviality of D(E(p)/E) that rp(E) ≥ 2. Using the observations
preceding the statement of (5.4), one also sees that it is sufficient to prove the
embeddability of pBr(E) inD(E(p)/E). Let now δν be a primitive p
ν-th root
of unity, andMλ be an extension of E generated by a p-th root ηλ ∈ E(p) of
an element λ ∈ E∗ \E∗p. Then Mλ/E is cyclic, [Mλ : E] = p and G(Mλ/E)
contains a generator σλ, such that the cyclic E-algebra (Mλ/E, σλ, δν) is
isomorphic to the symbol E-algebra Aεp(λ, δν ;E). It is well-known that
Aεp(λ, δν ;E) and Aεp(δν , λ;E) are inversely-isomorphic E-algebras. This,
combined with [41], Sect. 15.1, Proposition b, implies δν ∈ N(Mλ/E) if
and only if λ ∈ N(Mδν/E). Hence, by (5.4) (b), the divisibility of Br(E)p,
and Theorem 23.1 of [19], Proposition 5.5 (b) and the latter assertion of
Proposition 5.5 (a) are equivalent to the statement that pBr(E) embeds as
a subgroup of N(Mδν/E)/E
∗p. Since N(Mδν/E)/E
∗p is an abelian group of
period p, this amounts to proving that pBr(E) is its homomorphic image.
We show that pBr(E) is a homomorphic image of N(Mµ/E)/E
∗p, for an
arbitrary element µ ∈ E∗ \ E∗p. Fix µ′ ∈ E∗ \ E∗p so that Mµ′ 6= Mµ.
Then E∗/N(Mµ′/E) ∼= pBr(E), by [41], Sect. 15.1, Proposition b (and the
p-quasilocality of E), and N(Mµ/E)N(Mµ′/E) = E
∗, by [9], I, Lemma 4.3.
Since, by Theorem 3.1, N(Mµ/E)∩N(Mµ′/E) = N(MµMµ′/E), this yields
E∗/N(Mµ′/E) ∼= N(Mµ/E)/N(MµMµ′/E), E∗p ≤ N(MµMµ′/E) and
N(Mµ/E)/N(MµMµ′/E) ∼= (N(Mµ/E)/E∗p)/(N(MµMµ′/E)/E∗p);
in particular, pBr(E) is a homomorphic image of N(Mµ/E)/E
∗p, which
completes the proof of Proposition 5.5 (b). 
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The concluding results of this Section present applications of Proposition
5.5 and Corollary 5.3 to the study of p-primary index-exponentK-pairs, for a
Henselian field (K, v) with a p-quasilocal field K̂, for some p ∈ P. Recall first
that, for any field E and each D ∈ d(E), exp(D) divides ind(D) and is divis-
ible by any p ∈ P dividing ind(D); in addition, (ind(D), exp(D))is obtained
as a componentwise product of index-exponent l-pairs, where l runs across
the set of prime divisors of ind(D) (see [41], Sect. 14.4). Index-exponent re-
lations of algebras from d(E) depend essentially on specific properties of E,
and their description reduces to the special case of algebras Dp ∈ d(E) of p-
primary dimensions, for an arbitrary p ∈ P. The study of index-exponent p-
primary E-pairs relies on the knowledge of the Brauer p-dimension Brdp(E),
defined as the least integer b(p) ≥ 0, for which ind(Dp) divides exp(Dp)b(p)
whenever Dp ∈ d(E) and [Dp] ∈ Br(E)p; when no such b(p) exists, we
say that Brdp(E) is infinite. Note that (p
k, pn) : k, n ∈ N, k ≥ n, are index-
exponent L-pairs whenever (L, λ) is a Henselian field, such that the quotient
group λ(L)/pλ(L) of the value group λ(L) is infinite, L̂ is a nonreal field
and µp(L̂) 6= {1}. This is demonstrated by the proof of [11], Corollary 4.5,
which also shows that the result does not change, if the condition on µp(L̂) is
replaced by the one that the rank rp(L̂) of G(L̂(p)/L̂) is infinite. Therefore,
we restrict our considerations to the case where K̂ is a p-quasilocal non-
real field, µp(K̂) 6= {1} and v(K)/pv(K) is a nontrivial finite group. Then
Brdp(K) is determined by [15], Theorem 4.1, as follows:
(5.5) If v(K)/pv(K) has order pτ(p), then Brdp(K) = [(mp(K̂)+ τ(p))/2],
where mp(K̂) = min{rp(K̂), τ(p)}.
Relying on Proposition 5.5, we first show that if rp(K̂) = ∞, then index-
exponent p-primary K-pairs are fully determined by Brdp(K).
Corollary 5.6. Let (K, v) be a Henselian field with K̂ satisfying the con-
ditions of Proposition 5.5, for some p ∈ P. Assume also that rp(K̂) < ∞,
v(K) 6= pv(K) and v(K)/pv(K) is finite of order pτ(p). Then:
(a) K̂ has Galois extensions Un, U
′
n in E(p), n ∈ N, such that [Un : E] =
p, [U1 . . . Un : E] = p
n, G(U ′n/E) ∼= Zp and Un ∈ I(U ′n/E), for each n;
(b) (pk, pn) : k, n ∈ N, n ≤ k ≤ nτ(p), are all nontrivial p-primary index-
exponent pairs over K.
Proof. (a): In view of (5.4) (b) and Galois theory, it suffices to prove that
the maximal subgroup pD(K̂(p)/K̂) of D(K̂(p)/K̂) of period p is infinite.
The infinity of pD(K̂(p)/K̂) follows from Proposition 5.5 (b), if pBr(K̂) is
infinite. Note also that rp(K̂) = ∞ if and only if K̂∗/K̂∗p is infinite (cf.
[48], Ch. I, 4.1), which holds if and only if C(K̂(p)/K̂) contains infinitely
many elements of order p. It is therefore clear from (5.4) (a) that if pBr(K̂)
is finite, then pD(K̂(p)/K̂) is infinite, as required.
(b): It follows from Corollary 5.6 (a) and Galois theory that, for each
finite abelian p-group G, there exists a Galois extension UG of K in Kur
with G(UG/K) ∼= G. When the rank of G is ≤ τ(p), one obtains from
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[38], Theorem 1 (or [21], Example 4.3), that there is a nicely semi-ramified
(abbr, NSR) algebra NG ∈ d(K), in the sense of [21], possessing a maximal
subfield K-isomorphic to UG; this ensures that ind(NG) and exp(NG) equal
the order and the period of G, respectively. Thus it becomes clear that
there exist Nk,n ∈ d(K) : k, n ∈ N, n ≤ k ≤ τ(p)n, such that Nk,n/K is
NSR, ind(Nk,n) = p
k and exp(Nk,n) = p
n. This proves Corollary 5.6 (b),
since by [15], Theorem 4.1, the infinity of rp(K̂) implies τ(p) = Brdp(K). 
Our next result supplements Corollary 5.6 as follows:
Corollary 5.7. Assume that (K, v) is a Henselian field, such that v(K)/pv(K)
is finite of order pτ(p) > 1, and K̂ is p-quasilocal with µp(K̂) 6= {1},
rp(K̂) < ∞, and C(K̂(p)/K̂) = D(K̂(p)/K̂), for some p ∈ P. Then non-
trivial p-primary index-exponent K-pairs are described by as follows:
(a) (pk, pn) : k, n ∈ N, n ≤ k ≤ nBrdp(K), if µp(K̂) is infinite;
(b) (pk, pn) : k, n ∈ N, n ≤ k ≤ nmp(K̂) + min{ν, n}([(τ(p) −mp(K̂))/2],
in case µp(K̂) is finite of order p
ν, and mp(K̂) is defined as in (5.5).
Proof. The description of index-exponent p-primary K-pairs is obtained in
the case of Corollary 5.7 (b) by the method of proving [15], Lemma 5.1
(replacing min{rp(K̂) − 1, τ(p)} by mp(K̂)). Henceforth, we assume that
µp(K̂) is infinite. Note that, for any finite abelian p-group G of rank ≤
mp(K̂), there exist a Galois extension UG of K in Kur, and an algebra NG ∈
d(K), such that G(UG/K) ∼= G, NG/K is NSR and UG is K-isomorphic
to a maximal subfield of NG. As in the proof of Corollary 5.6 (b), one
obtains further that there exist NSR-algebras Nk,n ∈ d(K) : k, n ∈ N, n ≤
k ≤ mp(K̂)n, with ind(Nk,n) = pk and exp(Nk,n) = pn, for each admissible
pair k, n. Since Brdp(K) = [(mp(K̂) + τ(p))/2], this fact proves Corollary
5.7 in case rp(K̂) ≥ τ(p) − 1. Suppose now that τ(p) − mp(K̂) ≥ 2, put
m¯ = Brdp(K) = [(mp(K̂) + τ(p))/2], fix a divisible hull v(NG)
′ of v(NG),
and take a finite abelian p-group H of rank r(H) ≤ [(τ(p) − mp(K̂))/2].
Using [38], Theorem 1, and the natural bijection between I(Y/K) and the
set of subgroups of v(Y )/v(K), for any totally ramified finite abelian p-
extension Y/K (cf. [45], Ch. 3, Theorem 2), one obtains that there is
TH ∈ d(K) with the following properties: TH/K is totally ramified, v(TH) ⊂
v(NG)
′ and v(TH)/v(K) is isomorphic to H ⊕ H; v(NG) ∩ v(TH) = v(K)
and TH ⊗K Kur ∈ d(Kur); TH is a tensor product of r(H) cyclic totally
ramified K-algebras; ind(TH) and exp(TH) equal the order and the period
of H/v(K), respectively (see, e.g., [21], for more details). Note also that,
by [38], Theorem 1, NG ⊗K TG ∈ d(K). These observations indicate that,
for any n ∈ N, there exist ∆n ∈ d(K) and Tn,ρ ∈ d(K) : ρ = 1, . . . nθ, where
θ = [(τ(p) −mp(K̂))/2], satisfying the following conditions:
(5.6) (a) ∆n/K is NSR, exp(∆n) = p
n and ind(∆n) = p
n.m¯;
(b) For each index ρ, Tn,ρ/K is totally ramified, ∆n ⊗K Tn,ρ ∈ d(K),
exp(∆n ⊗K Tn,ρ) = pn, and ind(Tn,ρ) = pρ.
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Statements (5.6) (b) show that ind(∆n⊗K Tn,ρ) = pn+ρ, ρ = 1, . . . , θ, which
completes the proof of Corollary 5.7. 
Summing-up Corollaries 5.6, 5.7 and [15], Lemma 5.1, and combining the
latter with Corollary 5.3, one one fully describes p-primary index-exponent
K-pairs, for a Henselian field (K, v), such that v(K) 6= pv(K) and K̂ is
nonreal and p-quasilocal with µp(K̂) 6= {1}. We refer the reader to [15],
Corollary 2.2 and Remark 4.2, for an analogous description in the case where
(K, v) is Henselian, p = 2, and K̂ is formally real 2-quasilocal.
6. Preparation for the proof of Theorems 3.2 and 1.3
Let E be a field, M ∈ Ω(E), Π the set of prime divisors of [M : E], and
Mp = M ∩ E(p), for each p ∈ Π. When M 6= E, the homomorphism group
Hom(E∗,G(M/E)) is isomorphic to the direct group product∏p∈ΠHom(E∗,
G(Mp/E)), so Theorem 1.3 can be deduced from Theorem 3.2, Lemma 2.1
and the primary tensor decomposition of cyclic E-algebras (cf. [41], Sect.
15.3). The results of this Section serve as a basis for the proof of Theorem
3.2, presented in Section 7. Our starting point are the following two lemmas.
Lemma 6.1. Let E and M be fields, such that M ∈ Ωp(E), for some
p ∈ P (E). Suppose that G(M/E) has rank t ≥ 1 as a p-group, and F is
an intermediate field of M/E of degree [F : E] = p. Then there exist cyclic
extensions E1, . . . , Et of E inM with E1 . . . Et =M ,
∏t
i=1[Ei : E] = [M : E]
and
∏t
i=1[(FEi) : F ] = [M : F ].
Proof. In view of Galois theory, this is equivalent to the following statement:
(6.1) Let G be a finite abelian p-group of rank t ≥ 1 and H a maximal
subgroup of G. Then these exist cyclic subgroups G1, . . . , Gt of G, such that
the (inner) products of Gi : i = 1, . . . , t, and H ∩Gi : i = 1, . . . , t, are direct
and equal to G and H, respectively.
To prove (6.1) take a cyclic subgroup G1 ≤ G of maximal order so that
the order of the group H1 = H∩G1 equals the exponent of H. The choice of
G1 ensures that G1G0 = G whenever G0 is maximal among the subgroups
of G, which trivially intersect G1 (cf. [19], Sects. 15 and 27). This implies
the existence of subgroups H ′1 ≤ H and G′1 ≤ G, such that H1 ∩ H ′1 =
G1 ∩G′1 = {1}, H ′1 ≤ G′1 and the products H1H ′1 and G1G′1 are equal to H
and G, respectively. Therefore, (6.1) can be proved by induction on t. 
Lemma 6.2. Assume that E, M , p and t satisfy the conditions of Lemma
6.1, and let F be a maximal subfield of M including E. Then there exist
cyclic extensions E1, . . . , Et of E in M , such that
∏t
i=1[Ei : E] = [M : E],∏t
i=1[(Ei ∩ F ) : E] = [F : E], and the compositums E1 . . . Et and (Ei ∩
F ) . . . (Et ∩ F ) are equal to M and F , respectively.
Proof. This is equivalent to the following statement:
(6.2) Let G be a finite abelian p-group of rank t ≥ 1, H a subgroup of G of
order p, and pi the natural homomorphism of G on G/H. Then G contains
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elements g1, . . . , gt, for which the products of the cyclic groups 〈g1〉, . . . , 〈gt〉
and 〈pi(g1)〉, . . . , 〈pi(gt)〉 are direct and equal to G and G/H, respectively.
For the proof of (6.2), consider a cyclic subgroup C1 ≤ G of maximal
order, and such that C1∩H is of minimal possible order. Then one can find
C ′1 ≤ G so that C1 ∩ C ′1 = {1}, C1C ′1 = G and H ⊂ C1 ∪ C ′1. This implies
G/H is isomorphic to the direct product C1H/H × C ′1H/H, which allows
one to prove (6.2) by induction on t. 
Let now G be a finite abelian p-group of rank t ≥ 2. A subset g =
{g1, . . . , gt} of G is called an ordered basis of G, if g is a basis of G (i.e.
the group product 〈g1〉 . . . 〈gt〉 is direct and equal to G) and the orders of
the elements of g satisfy the inequalities o(g1) ≥ · · · ≥ o(gt). It is known
that the automorphism group Aut(G) acts transitively on the set Ob(G) of
ordered bases of G. Arguing by induction on t, and using the fact that cyclic
subgroups of G of order o(g1) are direct summands in G (see [19], Sect. 27),
one obtains that Aut(G) has the following system of generators:
(6.3) Aut(G) = 〈d(k,m;h), t(i, j, s;h) : h ∈ Ob(G)〉, where i, j, k, s and
m are integers with 1 ≤ k, i, j ≤ t, i 6= j, 1 < m < o(hk), 1 ≤ s < o(hi),
gcd (m, o(hk)) = 1 and max{1, o(hi)/o(hj)} | s, and d(k,m;h), t(i, j, s;h)
are defined by the data d(k,m;h)(hk) = h
m
k , d(k,m;h)(hk′ ) = hk′ : k
′ 6= k,
and t(i, j, s;h)(hj ) = hjh
s
i , t(i, j, s;h) (hj′) = hj′ : j
′ 6= j.
This allows us to prove the following two lemmas without serious technical
difficulties.
Lemma 6.3. Let E, M , p and t satisfy the conditions of Lemma 6.1, and let
E be a p-quasilocal field. Suppose that B a cyclic subgroup of Br(E)p of or-
der o(B) divisible by [M : E], b is a generator of B and B(M/E) is the group
of those β ∈ E∗, for which [(L/E, τ, β)] ∈ B whenever L/E is a cyclic ex-
tension, L ⊆M and 〈τ〉 = G(L/E). Assume also that E1, . . . , Et are cyclic
extensions of E in M , such that E1 . . . Et =M and [M : E] =
∏t
j=1[Ej : E],
and for each index j ≤ t, let E′j be the compositum of the fields Ei : i 6= j, τj
a generator of G(Ej/E), and σj the unique E′j-automorphism ofM extending
τj. Then there exist a group homomorphism ωM/E,b : B(M/E)→ G(M/E),
and elements c1, . . . , ct of E
∗ with the following properties:
(i) cj ∈ N(E′j/E) and [(Ej/E, τj , cj)] = [o(B)/[Ej : E]].b, for each index
j; the co-set cjN(M/E) is uniquely determined by b and τj;
(ii) ωM/E,b is the unique homomorphism of B(M/E) on G(M/E) mapping
cj into σj : j = 1, . . . , t, and with a kernel equal to N(M/E);
(iii) ωM/E,b does not depend on the choice of the t-tuples (E1, . . . , Et) and
(τ1, . . . , τt); it induces a group isomorphism B(M/E)/N(M/E) ∼= G(M/E).
Proof. If t = 1, our assertions can be deduced from Theorem 3.1 and the
general theory of cyclic algebras (see [41], Sect. 15.1). Henceforth, we
assume that t ≥ 2. Using consecutively Galois theory and Theorem 3.1,
one obtains that N(Ej/E)N(E
′
j/E) = E
∗ : j = 1, . . . , t, which implies
the existence of elements c1, . . . , ct of E
∗ with the properties required by
Lemma 6.3 (i). Denote by T (M/E) the subgroup of E∗ generated by
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the set N(M/E) ∪ {c1, . . . , ct}. It is easily verified that σ1, . . . , σt and
c1N(M/E), . . . , ctN(M/E) form bases of the groups G(M/E) and T (M/E)/
N(M/E), respectively. Therefore, there exists a unique homomorphism
ωM/E,b of T (M/E) on G(M/E), such that ωM/E,b(cj) = σj : j = 1, . . . , t,
and Ker(ωM/E,b) = N(M/E). The mapping ωM/E,b is surjective, so it in-
duces canonically an isomorphism of T (M/E)/N(M/E) on G(M/E). We
aim at proving that T (M/E) = B(M/E). Assuming that [M : E] = pm,
and proceeding by induction on m, one obtains that this can be deduced
from Lemma 6.2 and [41], Sect. 15.1, Corollary b, if ωM/E,b has the prop-
erty claimed by the former part of Lemma 6.3 (iii). In order to estab-
lish this property (the crucial point in our proof), consider another ba-
sis σ′1, . . . , σ
′
t of G(M/E), and for each j ∈ {1, . . . , t}, let Hj be the sub-
group of G(M/E) generated by the elements σ′i : i 6= j, Fj the fixed field
of Hj, τ
′
j the E-automorphism of Fj induced by σ
′
j , and F
′
j the composi-
tum of all Fi with i 6= j. It follows from Galois theory that F1 . . . Ft = M ,∏t
i=1[Fi : E] = [M : E], Fj/E is a cyclic extension, G(Fj/E) = 〈τ ′j〉, and σ′j is
the unique F ′j-automorphism ofM extending τ
′
j (j = 1, . . . , t). Since ωM/E,b
is surjective, it maps some elements c′1, . . . , c
′
t of T (M/E) into σ
′
1, . . . , σ
′
t,
respectively. Applying Lemma 6.2 and [41], Sect. 15.1, Corollary b, one
concludes that the proof of Lemma 6.3 will be complete, if we show that
c′j ∈ N(F ′j/E) and [(Fj/E, τ ′j , c′j)] = [o(B)/[Fj : E]].b, for every index j.
It is clearly sufficient to consider the special case in which {σ1, . . . , σt} and
{σ′1, . . . , σ′t} are ordered bases of G(M/E) (which implies [Eρ : E] = [Fρ : E],
ρ = 1, . . . , t). In view of [41], Sect. 15.1, Corollary a, and (6.3), one
may assume in addition that σ′j = σjσ
s
i , c
′
j = cjc
s
i , σ
′
u = σu and c
′
u =
cu : u 6= j, for some pair (i, j) of different indices, and some integer s sat-
isfying the inequalities 1 ≤ s < o(σi) and divisible by max{1, o(σi)/o(σj)}.
Then it follows from Galois theory that FiFj = EiEj , Fw = Ew, τ
′
w =
τw : w 6= i, and F ′u = E′u : u 6= j. One also sees that if t ≥ 3 and
y ∈ ({1, . . . , t} \ {i, j}), then c′j ∈ N(Ey/E). Since the cyclic E-algebras
(Ej/E, τj , cj) and (Ej/E, τj , c
′
j) are isomorphic (see [41], Sect. 15.1, Propo-
sition b), and by Lemma 4.1, N(F ′j/E) = ∩u 6=jN(Fu/E), this reduces the
proof of Lemma 6.3 (ii) to the one of the assertions that c′j ∈ N(Fi/E) and
there is an E-isomorphism (Ei/E, τi, ci) ∼= (Fi/E, τ ′i , ci). We first show that
(Ei/E, τi, ci) ∼= (Fi/E, τ ′i , ci). The assumptions on Ei, Fi and Ej = Fj guar-
antee that the field EiEj = FiEj is isomorphic as an E-algebra to Ei⊗E Ej
and Fi⊗EEj (cf. [41], Sect. 14.7, Lemma b). It is therefore easy to see from
the general properties of tensor products (cf. [41], Sect. 9.2, Proposition c)
that (Ei/E, τi, ci) ⊗E (Ej/E, τj , cj) ∼= (Fi/E, τ ′i , ci) ⊗E (Ej/E, τj , cjcs
′
i ) as
E-algebras, where s′ = s.[o(σj)/o(σi)]. Since s
′ ∈ Z and ci ∈ N(Ej/E),
there exists an E-isomorphism (Ej/E, τj , cj) ∼= (Ej/E, τj , cjcs′i ). The ob-
tained results prove that (Ei/E, τi, ci) and (Fi/E, τ
′
i , ci) are similar over E.
As [Ei : E] = [Fi : E], we also have [(Ei/E, τi, ci) : E] = [(Fi/E, τ
′
i , ci) : E]
= [Ei : E]
2, so it turns out that (Ei/E, τi, ci) ∼= (Fi/E, τ ′i , ci), as claimed.
It remains to be seen that c′j ∈ N(Fi/E). Suppose first that Fi ∩Ei = E,
take elements βi ∈ Ej , βj ∈ Ei, δ ∈ Br(E) and an algebra D ∈ d(E) so
that N
Ej
E (βi) = ci, N
Ei
E (βj) = cj , ([Ei : E].[Ej : E])δ = b, and o(B)δ = [D],
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and denote by ϕi and ϕj the automorphisms of EiEj induced by σi and
σj, respectively. It is easily verified that [Ej : E].[D] = [(Ei/E, τi, ci)] and
G(EiEj/Ej) = 〈ϕi〉. This, combined with the fact that EiEj = FiEj, Ei ∩
Ej = E and ϕi extends τi, enables one to deduce from (4.1) (iii), Proposition
2.2 and the RC-formula that D ⊗E Ej is similar to the cyclic Ej-algebra
(EiEj/Ej , ϕi, βi). Since [Ei : E].[D] = [(Ej/E, τj , cj)], G(EiEj/Ei) = 〈ϕj〉,
and ϕj is a prolongation of τj , it is analogously proved that [D ⊗E Ei] =
[(EiEj/Ei, ϕj , βj)] in Br(Ei). At the same time, it is clear from Galois theory
and the condition Fi∩Ei = E that G(EiEj/E) = 〈ϕj , ϕsi 〉 (i.e. g.c.d.(s, p) =
1), [Ei : E] ≤ [Ej : E], and EiFi = EiΦ, where Φ is the extension of E in Ej
of degree [Φ: E] = [Ei : E]. Note also that ϕj extends τ
′−s
i , since σ
′
j(λ) = λ,
for every λ ∈ Fi. Observing now that [(Ei/E, τi, ci)] = ω.[(Ej/E, τj , cj)] and
[(EiFi/Ei, ψj , βj)] = ω.[(EiEj/Ei, ϕj , βj)], where ω = [Ej : E]/[Ei : E] =
[EiEj : EiFi] and ψj is the automorphism of EiFi induced by ϕj (cf. [41],
Sect. 15.1, Corollary b), one obtains from (4.1) (iii) that (Ei/E, τi, ci) ∼=
(Φ/E, ψ¯j , cj) ∼= (Fi/E, τ ′−si , cj) over E (ψ¯j being the automorphism of Φ
induced by ϕj). Since (Ei/E, τi, ci) ∼= (Fi/E, τ ′i , ci), these results indicate
that (Fi/E, τ
′−s
i , cj)
∼= (Fi/E, τ ′−si , c−si ), which means that c′j ∈ N(Fi/E).
Let now Ei ∩ Fi = E˜, [E˜ : E] = µ > 1, s/µ = s˜ and EiEj = Ei,j. Then
Ei,j ∈ Ω(E˜) and G(Ei,j/E˜) = G(Ei,j/Ei)G(Ei,j/Fi), which implies s˜ ∈ Z and
g.c.d.(s˜, p) = 1. For each index u 6= i, take γu ∈ E′u so that NE
′
u
E (γu) = cu,
and put c˜u = N
E′u
E˜
(γu), E˜u = EuE˜ and F˜u = FuE˜. Since Ei ∩ Eu = E, it
follows from (4.1) (ii) that Ei ∩ E˜u = E˜, [E˜u : E˜] = [Eu : E], τu uniquely
extends to a E˜-automorphism τ˜u of E˜u, and G(E˜u/E˜) = 〈τ˜u〉. Note also that
NEuE (θu) = N
E˜u
E˜
(θu), θu ∈ Eu, whence ci ∈ N(E˜u/E˜). Fix elements bµ ∈
Br(E) and ∆u ∈ d(E) so that µ.bµ = b and [∆u] = [o(B)/[Eu : E]]bµ, and put
b′ = ρE/E˜(bµ). It is clear from the double centralizer theorem (cf. [41], Sects.
12.7 and 13.3) that [(Ei/E, τi, ci)⊗E E˜] = [(Ei/E˜, τµi , ci)] in Br(E˜). Apply-
ing Proposition 2.2, (4.1) (iii) and the RC-formula, one obtains consecutively
that o(B) equals the order of b′ in Br(E˜), [(Ei/E, τi, ci)] = [o(B)/[Ei : E˜]]bµ,
[(Ei/E˜, τ
µ
i , ci)] = [o(B)/[Ei : E˜]].b
′, and for each u 6= i, [(Eu/E, τu, cu)] =
µ[∆u] and [(E˜u/E˜, τ˜u, c˜u)] = [∆u ⊗E E˜] = [o(B)/[E˜u : E˜]].b′. Consider now
M/E˜, s˜, b′, the fields Ei, Fi, E˜u, F˜u : u 6= i, and the algebras (Ei/E˜, τµi , ci),
(Fi/E˜, τ
′µ
i , ci), (E˜j/E˜, τ˜j , c˜j), instead of M/E, s, b, Eu′ , Fu′ : u
′ = 1, . . . , t,
and (Ei/E, τi, ci), (Fi/E, τ
′
i , ci), (Ej/E, τj , cj), respectively. As in the proof
of our assertion in case g.c.d.(s, p) = 1, one concludes that c˜jc
s˜
i ∈ N(Fi/E˜).
Since N E˜E (c˜jc
s˜
i ) = c
′
j , this yields c
′
j ∈ N(Fi/E) (and T (M/E) = B(M/E)),
which completes the proof of Lemma 6.3. 
Lemma 6.4. In the setting of Lemma 6.3, let F be an extension of E in M ,
piM/F the natural projection of G(M/E) on G(F/E), ρE/F (b) = b′, B′ = 〈b′〉,
and Bκ = 〈bκ〉, where bκ = κ.b, for some κ ∈ N dividing o(B)/[M : E]. Then
[M : E] | o(Bκ), [M : F ] | o(B′), and the mappings ωM/E,b, ωM/E,bκ, ωF/E,b
and ωM/F,b′, determined as required by Lemma 6.3, are related as follows:
(i) ωM/E,b = ωM/E,bκ and ωF/E,b = piM/F ◦ ωM/E,b;
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(ii) ωM/F,b′(γ) = ωM/E,b(N
F
E (γ)), for every γ ∈ F ∗.
Proof. Clearly, o(Bκ) = o(B)/κ, and Proposition 2.2 implies that o(B
′) =
o(B)/[F : E], so the assertions that [M : E] | o(Bκ), [M : F ] | o(B′) and
ωM/E,b = ωM/E,bκ are obvious. Note also that if t = 1, then the remaining
statements of the lemma can be deduced from the general properties of
cyclic algebras. Suppose further that t ≥ 2. First we prove that ωF/E,b =
piM/F ◦ ωM/E,b in case F is a maximal subfield of M . Let E1, . . . , Et be
extensions of E in M with the properties described by Lemma 6.2. Then
there exists an index j, such that Ej ∩ F is a maximal subfield of Ej and
Ei ⊆ F , for any other index i. This allows us to prove our assertion by
applying Lemma 6.3 and [41], Sect. 15.1, Corollary b.
We turn to the proof of Lemma 6.4 (ii) in the special case of [F : E] = p.
It is briefly presented, since we argue along the same lines as the concluding
part of the proof of Lemma 6.3. Take E1, E
′
1, . . . , Et, E
′
t, τ1, σ1, . . . , τt, σt
and c1, . . . , ct in accordance with Lemmas 6.1 and 6.3. Then F ⊆ Ej and
Eu∩F = E : u 6= j, for some index j. This implies F ⊆ E′u and τu uniquely
extends to an F -automorphism τ˜u of the field EuF := E˜u, when u runs across
the set Wj = {1, . . . , t} \ {j}. Choose elements α1 ∈ E′1, . . . , αt ∈ E′t so that
N
E′
k
E (αk) = ck : k = 1, . . . , t, and put E˜j = Ej , c˜j = cj , τ˜j = τ
p
j , σ˜j = σ
p
j ,
and c˜u = N
E′u
F (αu), σ˜u = σu : u ∈ Wj. It is easily verified that NFE (c˜j) = cpj
and NFE (c˜u) = cu, u ∈ Wj. Therefore, it follows from (4.1) (iii), [41], Sect.
14.7, Lemma a, and the equality o(B′) = o(B)/p that M/F , b′, and E˜ρ,
τ˜ρ, σ˜ρ, c˜ρ, where ρ runs through Wj or {1, . . . , t} depending on whether or
not F = Ej , are related as in Lemma 6.3. Since the RC-formula and [41],
Sect. 15.1, Proposition b, yield CorF/E([(Ej/F, τ
p
j , cj)]) = [(Ej/E, τj , c
p
j )],
this proves Lemma 6.4 (ii) when [F : E] = p.
Let finally F be any proper extension of E inM different fromM . By Ga-
lois theory and the structure of finite abelian groups, then M possesses sub-
fields F0 and M0, such that E ⊂ F0 ⊆ F ⊆M0 and [F0 : E] = [M : M0] = p.
In view of the transitivity of norm mappings, canonical projections of Galois
groups and scalar extension maps of Brauer groups in towers of intermediate
fields of M/E (cf. [41], Sect. 9.4, Corollary a), the considered special cases
of Lemma 6.4 enable one to complete inductively its proof. 
7. Existence and form of Hasse symbols
The main purpose of this Section is to prove Theorem 3.2. Fix an Fp-basis
Ip of pBr(E) and a generator ϕ∞ of G(E∞/E) as a topological group. Take a
subset Λp(E) = {bi,n(p) : i ∈ Ip, n ∈ N} of Br(E)p so that {bi,1(p) : i ∈ Ip}
is a basis of pBr(E) as an Fp-vector space, and pbi,n(p) = bi,n−1(p) : i ∈
Ip, n ∈ Z and n ≥ 2 (the existence of Λp(E) is implied by Proposition 2.2
(ii)). For each E′ ∈ Ωp(E), let ρE/E′(bi,n(p)) = bi,n(E′) : (i, n) ∈ Ip × N,
E′∞ = E∞E
′, and [(E′ ∩ E∞) : E] = m(E′). As G(E∞/E) ∼= Zp ∼= H
whenever H is an open subgroup of Zp (see [48], Ch. I, 1.5, 4.2), it fol-
lows from Galois theory that E′∞/E
′ is a Zp-extension and ϕ
m(E′)
∞ uniquely
extends to an E′-automorphism ϕ∞(E
′) of E′∞; one also sees that ϕ∞(E
′)
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topologically generates G(E′∞/E′). For each n ∈ N and i ∈ Ip, denote
by ϕn(E
′) the automorphism of ΓnE
′ induced by ϕ∞(E
′), and by gi,n(E
′)
the element of G(ΓnE′/E′)d(p) with components gi,n(E′)i = ϕn(E′), and
gi,n(E
′)i′ = 1: i
′ ∈ Ip \ {i}. By Proposition 2.2 and [41], Sect. 15.1, Propo-
sition a, E′∗ has a subset Cp(E
′) = {ci,n(E′) : i ∈ Ip, n ∈ N}, such that
[((ΓnE
′)/E′, ϕn(E
′), ci,n(E
′))] = bi,n(E
′), for each (i, n) ∈ Ip × N. Ob-
serve that, for any n ∈ N, there is a unique surjective homomorphism
( , (ΓnE
′)/E′) : E′∗ → G(ΓnE′/E′)d(p), whose kernel is N(ΓnE′/E′), and
which maps ci,n(E
′) into gi,n(E
′), when i ∈ Ip. Fix some M ′ ∈ Ωp(E′)
and µ ∈ Z so that pµ ≥ [M ′ : E], and for each i ∈ Ip, let B(M ′/E′)i =
{βi ∈ E′∗ : [(L′/E′, σ′, βi)] ∈ 〈bi,µ(E′)〉}, for every cyclic extension L′ of
E′ in M ′, where σ′ is a generator of G(L′/E′). It follows from Proposi-
tion 2.2 (ii)-(iii), the definition of Λp(E) and Lemma 6.3 that the groups
B(M ′/E′)i := B(M
′/E′)i/N(M
′/E′), i ∈ Ip, have the following property:
(7.1) B(M ′/E′) ∼= G(M ′/E′), for each index i, and the inner product of
B(M ′/E′)i : i ∈ Ip, is direct and coincides with E′∗/N(M ′/E′).
Therefore, there exists a unique homomorphism ( ,M ′/E′) of E′∗ into
G(M ′/E′)d(p), mapping B(M ′/E′)i into the i-th component of G(M ′/E′)d(p)
by the formula βi → ωM ′/E′,bi,µ(E′)(βi), for each i ∈ Ip, where ωM ′/E′,bi,µ(E′)
is defined as in Lemma 6.3. Hence, Ker( ,M ′/E′) = N(M ′/E′), and by
Lemma 6.4, the sets H(E′) = {( ,M ′/E′) : M ′ ∈ Ωp(E′)}, E′ ∈ Ωp(E),
consist of surjections related as required by Theorem 3.2 (ii)÷(iii).
Suppose now that Θp(E
′) = {θ(M ′/E′) : E′∗ → G(M ′/E′)d(p),M ′ ∈
Ωp(E
′)}, E′ ∈ Ωp(E), is a system of surjective homomorphisms with the
same kernels and relations, and such that θ(Γn/E) = ( ,Γn/E), for every
n ∈ N. Then it follows from Proposition 2.2, the RC-formula and (4.1)
(iii) that θ(ΓnE
′/E′) = ( , (ΓnE
′)/E′), for each pair (E′, n) ∈ Ωp(E) × N.
We show that Θp(E
′) = Hp(E
′), for any E′ ∈ Ωp(E). This is obvious, if
E∞ = E(p), so we assume further that E(p) 6= E∞. In view of Proposition
2.2 (i) and the already established part of Theorem 3.2, it is sufficient to
prove that θ(M/E) = ( ,M/E), for an arbitrary fixed field M ∈ Ωp(E).
Note first that the compositum ME∞ possesses a subfield M0 ∈ Ωp(E),
such that M0 ∩ E∞ = E and M0E∞ = ME∞. This follows from Galois
theory and the projectivity of Zp as a profinite group (cf. [48], Ch. I, 5.9).
In particular, M ⊆M0Γn, for every sufficiently large index n. We also have
θ(M/E) = piM0Γn/M ◦θ(M0Γn/E), which allows us to consider only the spe-
cial case of M =M0Γκ and M0 6= E, where κ is chosen so that [M0 : E] | pκ.
Let now t be the rank of G(M/E), and E1, . . . , Et be cyclic extensions of E
inM , such that
∏t
u=1[Eu : E] = [M : E], E1 = Γκ and E2 . . . Et =M0. Take
E′1, . . . , E
′
t as in Lemma 6.3, denote for convenience by τ1 the automorphism
ϕκ(E) of E1, and let τu be a generator of G(Eu/E), for every u ∈ {2, . . . , t}.
Fix an index x ∈ Ip, put bx,κ(p) = bx, and identifying G(M/E) with the x-th
component of G(M/E)d(p), consider elements x1, . . . , xt of E∗ determined so
that θ(M/E)(xu) equals the E
′
u-automorphism σu of M extending τu, for
each positive integer u ≤ t. The assumptions on Θp(E′) : E′ ∈ Ωp(E), imply
that xu ∈ N(E′u/E) : u = 1, . . . , t, and [(E1/E, τ1, x1)] = bx. We show as
in the proof of Lemma 6.3 (iii) that [(Eu/E, τu, xu)] = (p
κ/[Eu : E])bx, for
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each u. Fix an index u ≥ 2, put ωu = pκ/[Eu : E], σ′1 = σ1σu, x′1 = x1xu,
and denote by Fu the fixed field of the subgroup of G(M/E) generated
by σ′1 and σu′ : u
′ /∈ {1, u}. It is easily verified that F1 . . . Ft = M and∏t
u′=1[Fu′ : E] = [M : E], where Fu′ = Eu′ : u
′ 6= u. As Ker(θ(Fu/E)) =
N(Fu/E), θ(M/E)(x
′
1) = σ
′
1 and σ
′
1 ∈ G(M/Fu), the equality θ(F/E) =
piM/E ◦ θ(M/E) ensures that x′1 ∈ N(Fu/E). Observe also that E1Eu =
E1Fu and Eu∩Fu = E. This implies that (E1/E, τ1, x1)⊗E (Eu/E, τu, xu) is
E-isomorphic to (E1/E, τ
′
1, x1x
ωu
u ) ⊗E (Fu/E, fu, xu), where τ ′1 ∈ G(E1/E)
and fu ∈ G(Fu/E) are induced by σ′1 and σu, respectively. Since σu ∈
G(M/E1) and xu ∈ N(E1/E), it thereby turns out that (Eu/E, τu, xu) ∼=
(Fu/E, fu, xu) ∼= (Fu/E, f−1u , x1) ∼= (Fu/E, f1, x1) over E, f1 being the au-
tomorphism of Fu induced by σ1. Furthermore, if Φu is the extension of E
in E1 of degree [Eu : E], then EuΦu = EuFu and, because x1 ∈ N(Eu/E), it
follows that [(Eu/E, τu, xu)] = [(Fu/E, f1, x1)] = ωu[(E1/E, τ1, x1)] = ωubx,
as claimed. The obtained result indicates that θ(M/E)(αx) = (αx,M/E),
for each αx ∈ B(M/E)x. As x is an arbitrary element of Ip, this enables
one to complete the proof of Theorem 3.2 by applying (7.1).
Remark 7.1. Theorem 1.1 and [7], Theorem 2.1, show that if (E, v) is a
Henselian discrete valued strictly PQL-field, then Ê(p)/Ê is a Zp-extension,
for each p ∈ P (E). Therefore, one can take as E∞ the compositum of all
I ∈ Ω(E) that are inertial over E. Note also that if E is SQL, then Br(E)
is isomorphic to the direct sum ⊕p∈P (E)Z(p∞) (by (2.1) (i)), and for each
p ∈ P (E), the set Λp(E) can be chosen so that one may put Cp(E) =
{cn(p) = pi : n ∈ N}, where pi is a uniformizer of (E, v). When E is a local
field, and for each (p, n) ∈ P (E)×N, ϕn(p) is the Frobenius automorphism
of the inertial extension of E in Esep of degree p
n, the sets Hp(E), p ∈ P (E),
from the proof of Theorem 3.2, define the Hasse (the norm residue) symbol,
in the sense of [25], and give rise to the Artin map (cf. [20], Ch. 6).
Corollary 7.2. In the setting of (2.2) (i), let M ∈ Ω(E) and F be a finite
extension of E in Esep. Then N(MF/F ) = {λ ∈ F ∗ : NFE (λ) ∈ N(M/E)}.
Proof. It suffices to prove thatN(MF/F ) includes the preimage of N(M/E)
in F ∗ under NFE . In view of Theorem 3.1, Lemma 2.1, [9], I, Lemma 4.2 (ii),
and of the PQL-property of F , one may consider only the case where M/F0
is cyclic, for F0 =M ∩ F . Put µ0 = NFF0(µ), for each µ ∈ F ∗. Theorem 3.2
(iii), [9], I, Lemma 4.2 (ii), and norm transitivity in towers of intermediate
fields of MF/E imply that if NFE (µ) ∈ N(M/E), then µ0 ∈ N(M/F0). At
the same time, it follows from Proposition 2.2 (ii), [9], I, Corollary 8.5, the
RC-formula and the assumptions on E that CorF/F0 is injective. Therefore,
one deduces from the former part of (4.1) (iii) (in the general form pointed
out in Remark 4.3) that µ ∈ N(MF/F ), which proves our assertion. 
Corollary 7.2 generalizes [20], Theorem 7.6. Applying the RC-formula,
Propositions 2.2 (ii) and 2.3 (i), as well as Lemma 2.1, norm and corestriction
transitivity, and already used known relations between norms and cyclic
algebras, one obtains by the method of proving Theorem 3.2 the existence
of an exact analogue to the local Hasse symbol in the following situation:
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Corollary 7.3. Assume that E is a nonreal field, such that every L ∈ Ω(E)
is strictly PQL with ρE/L surjective. Then the maps CorL/E : L ∈ Ω(E), are
bijective, and there are sets H(E′) = {( ,M ′/E′) : E′∗ → G(M ′/E′)Br(E′),
M ′ ∈ Ω(E′)}, E′ ∈ Ω(E), of group homomorphisms satisfying the following:
(i) ( ,M ′/E′) is surjective and its kernel equals N(M ′/E′), for each E′ ∈
Ω(E), M ′ ∈ Ω(E′);
(ii) HE′ has the properties required by Theorem 1.3 (ii), for every E
′ ∈
Ω(E); furthermore, if M ∈ Ω(E) and K is an intermediate field of M/E,
then (λ,M/K) = (NKE (λ),M/E), for any λ ∈ K∗;
(iii) The sets H(E′), E′ ∈ Ω(E), are determined by the mappings ( ,Γ/E),
when Γ ranges over finite extensions of E in E∞ of primary degrees.
Corollary 7.3 has a partial analogue for a formally real strictly PQL-
field E and the sets Ω′(E′) = {M ′ ∈ Ω(E′) : 2 † [M ′ : E′]}, E′ ∈ Ω′(E).
Specifically, statements (i)÷(iii) hold when every E′ ∈ Ω′(E) is p-quasilocal
with Br(E′)p included in the image of ρE/E′, for each p ∈ P \ {2}; also, in
this case, CorE′/E induces isomorphisms Br(E
′)p ∼= Br(E)p, p > 2. This
is proved in the same way as Corollary 7.3. On the other hand, it follows
from the Artin-Schreier theory that if E′ ∈ Ω′(E) and E′ 6= E, then E′ is
formally real and the action of G(E′/E) induces [E′ : E] orderings on E′.
Therefore, E′ is not 2-quasilocal, so it cannot admit LCFT.
Remark 7.4. Under the hypotheses of Theorem 1.2, let Eab be the com-
positum of all M ∈ Ω(E), Eab(p) = Eab ∩ E(p), for each p ∈ P (E), and
N1(E) = ∩M∈Ω(E)N(M/E). Suppose that d(p) ∈ N, for all p ∈ P (E),
and Prc(E
∗) is the profinite completion of E∗/N1(E) (concerning its exis-
tence, see [24], Sect. 1.2). Using Theorems 1.1, 1.3 and Galois theory, and
arguing as in the proof of implication (iii)→(i) of [24], Proposition 1.14,
one obtains that Prc(E
∗) is isomorphic to the topological group product∏
p∈P (E) G(Eab(p)/E)d(p), and so generalizes a part of [20], Proposition 6.3.
Note finally that every abelian torsion group T admissible by Proposition
2.2 (ii) is isomorphic to Br(E(T )), for some strictly PQL-field E(T ) satisfy-
ing the conditions of Corollary 7.3 or its analogue in the formally real case.
This follows from [13], Corollary 6.6 and (7.2) (when T is divisible - from
Remark 2.4 as well). Hence, all forms of the local reciprocity law and Hasse
symbol admissible by Theorems 1.2, 1.3 and Corollary 7.3 can be realized.
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